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Wedevelop a numerical model of an electrodynamic tether system composed of two finite end bodies and a flexible

tether. The equations of motion of the system are presented along with two methods of discretizing the partial

differential equations governing the tether vibrations. The first method is the assumed modes method in which the

tether displacements are represented as series of generalized coordinates and assumed mode functions, and the

second is a finite element method in which displacements and slopes at points along the tether are interpolated by

shape functions. The method of manufactured solutions is used to verify that the computer codes written to simulate

the system motion implement the discretization methods properly. Both the assumed modes method and the finite

elementmethodperformwell for relatively lowdiscretization levels; however, as the number of longitudinal assumed

modes is increased, the mass matrix for the longitudinal vibrations becomes poorly conditioned, resulting in

numerical errors that can cause the tether vibrations to improperly diverge. This behavior is not seen in the finite

element method because the mass matrices for both the transverse and longitudinal vibrations are always well-

conditioned.

Nomenclature

A = main end body
AMki = assumed-modes-method forcing-vector elements,

m2 � s�2
AT = acceleration vector used in derivation of tether

displacement equations, m � s�2
ATi = components of AT expressed in FE, m � s�2
a = semimajor axis, m
aDi = disturbance acceleration components expressed in

FO, m � s�2
B = central-body magnetic field vector, T
BL = acceleration vector used in determining tether

libration equations of motion, m � s�2
BLi = components of BL expressed in FE, m � s�2
B = secondary end body
Cij = tether displacement generalized coordinates or

degrees of freedom, m
C�h, C�t = constants in discretization error expression
c = structural damping constant, s
d�s = differential unstretched tether element
EA = longitudinal stiffness of the tether, N
e = eccentricity
e = set of osculating orbit elements
êi = unit axes of FE

FA = A body frame
FB = B body frame
FE = tether-fixed frame
FN = inertial frame
FO = orbital frame
f, F = numerical and exact solutions to a set of partial

differential equations
fT , fL = manufactured solution vectors, m=s2m2 � s�2

fi = finite element method external force vector,
m=s2

GA = mass center of A
GB = mass center of B
gi = finite element method gravity vector, m2 � s�2
h = specific angular momentum, m2 � s�1
I = inclination, deg
IA = centroidal moment of inertia tensor of A, kg �m2

IB = centroidal moment of inertia tensor of B, kg �m2

i = current in the tether, A
L = unstretched length of the tether, m
l = orbit parameter, m
‘e = length of finite element, m
Mij = finite element method mass matrix elements, m
Mk;ij = assumed-modes-method mass matrix elements, m
mA = mass of A, kg
mB = mass of B, kg
Ne = number of finite elements
Ni = finite element method global shape function
Nei = finite element method element shape function
Nij = tether assumed mode functions
NL = number of longitudinal assumed modes
NT = number of transverse assumed modes
n = number of degrees of freedom for each tether

displacement in the finite element method
n̂i = unit axes of FN

O = inertial origin
ôi = unit axes of FO

PA = tether attachment point on A
PB = tether attachment point on B
p = spatial order of accuracy
pA = tether attachment vector on A, m
pB = tether attachment vector on B, m
q = temporal order of accuracy
RT��s; t� = position vector of d�s relative to O, m
r = discretization refinement factor
r = position vector of d�s relative to PA
rA = orbital radius of GA, m
rA = position vector of GA, m
rB = position vector of GB, m
rL = distance between PB and PA, m
rL = position vector of PB relative to PA, m
�s = tether unstretched arc length, m
�s0, �sf = value of �s at the beginning an end of a finite

element, m
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T��s; t� = tension vector in the tether, N
t = time, s
u��s; t� = tether transverse displacement in the ê1 direction, m
û = unit dipole axis
v��s; t� = tether transverse displacement in the ê2 direction, m
w��s; t� = tether transverse displacement in the ê3 direction, m
� = in-plane tether libration angle, deg
� = out-of-plane tether libration angle, deg
�ki = finite element method parameters, m
�h, �t = measures of spatial and temporal discretization
"� �s; t� = strain in the tether
� = discretization error
� = gravitational parameter of the central body, m3 � s�2
�M = dipole strength, T �m3

� = true anomaly, deg
� = finite element natural coordinate
�� = linear mass density of the unstretched tether, kg �m
�̂ = tether unit tangent vector
� = right ascension of the ascending node, deg
! = argument of periapsis, deg
!A=N = angular velocity of FA relative to FN , rad � s�1
!B=N = angular velocity of FB relative to FN , rad � s�1
!E=N = angular velocity of FE relative to FN , rad � s�1
!E=O = angular velocity of FE relative to FO, rad � s�1
!O=N = angular velocity of FO relative to FN , rad � s�1
0 = zero vector
� = time derivative
� = time derivative as seen by FE

Superscript

� = manufactured solution

I. Introduction

I N RECENT years, electrodynamic tethers (EDTs) have been
proposed for a number of space applications. An EDT is a long,

thin, conductive tether in orbit around a body with a strong magnetic
field. The body is typically Earth, but EDTs have been proposed for a
number of Jupiter-based missions as well. As the tether moves in its
orbit through the magnetic field of the central body, an electrical
potential is induced across its ends. If the ends of the tether are
allowed to make electrical contact with the ambient plasma envi-
ronment, this electrical potential will drive a current through the
tether that interacts with the magnetic field to produce a distributed
force along the tether. In this manner, an EDT can generate pro-
pulsion without the need for propellant. Decreases in magnetic field
strength at higher orbit altitudes limit the operational regime of EDTs
to low Earth orbit (LEO); however, EDTs in LEO can be used for a
number of useful applications, such as debris removal [1–3], orbital
maintenance of the International Space Station [4], and orbital
maneuvering of satellites. One of the more promising proposed EDT
missions is NASA’s momentum-exchange electrodynamic reboost
(MXER) tether system [5], which has been proposed for transferring
satellites from LEO to much higher orbits such as geosynchronous
transfer orbits and escape trajectories.

In general, the research conducted on the dynamics and control of
EDTs can be divided into two main categories. The first category
deals with the effects of the electrodynamic force on the orbit of the
system and how the current in the tether can bemodulated to produce
a desired change in the orbit of the system [6,7]. The second cate-
gory deals with the librational and vibrational motions of the tether
induced by the electrodynamic force [8–10]. The principal result of
this category of research is that both the tether librations and the
flexible oscillations of the tether are inherently unstable due to a
constant pumping of energy into the system by the electrodynamic
force. Two excellent books that contain a great deal of analytical
work on the dynamics and control of EDT systems are those by
Beletsky and Levin [11], and Levin [12]. Also, a detailed literature
review of the dynamics and control of EDT systems can be found in
the introduction of [13].

One practice common to virtually all of the research previously
conducted on EDT dynamics and control is the introduction of
various simplifications into the system model. These simplifications
include modeling the end bodies as point masses and the tether as a
rigid rod, constraining the motion of some part of the system to a
Keplerian orbit, and modeling the magnetic field as a nontilted,
nonrotating dipole. Such assumptions greatly simplify the system
equations of motion and allow for the derivation of analytical results;
however, these simplifications also remove important dynamics from
the system, such as the flexible oscillations of the tether and the
attitude motion of the end bodies. In light of this fact, the goal of this
research is to develop a numerical model of an EDT system that
contains as few simplifying assumptions as possible. Such a numeri-
cal model will be able to generate accurate long-term predictions of
EDT dynamics that analytical results based upon simplified models
cannot necessarily provide. Thus, we consider an EDT system
composed of two rigid end bodies connected by a flexible tether.
The end bodies are allowed to undergo full three-dimensional
translational and rotational motions, and the tether is allowed to
experience transverse and longitudinal nonlinear oscillations. The
magnetic field is modeled as a tilted dipole that is fixed to the central
body as it rotates. The model presented in this paper is a variation of
the model presented in [13]. The principal difference between the
two models is that in this work the state of one of the end bodies is
parameterized by a set of osculating classical orbit elements, whereas
in [13] a set of spherical coordinates is used.

Because the system model we consider treats the tether as a
flexible continuum, the equations of motion of the tether are partial
differential equations (PDEs) that must be discretized to generate a
numerical solution. We use two different discretization methods for
the equations of motion of the tether. The first method is the assumed
modes method (AMM), in which the displacements of the tether
away from its unstretched state are represented as finite sums of
generalized coordinates and assumed mode functions. The second
method is a finite element method (FEM), in which displacements
and slopes at points along the tether are interpolated by shape
functions. For both methods, the Galerkin method is used to convert
the governing PDEs into a finite set of ordinary differential equations
(ODEs).

Both the assumed modes and finite element methods have been
used previously to study the dynamics of both electrodynamic
[13,14] and nonelectrodynamic tether systems [15,16]. The coding
of the discretized equations of motion is a nontrivial task, and a wide
variety of mistakes can be made in the coding process. In spite of
this fact, evidence is rarely presented to show that the discretized
equations of motion have been coded properly and that the resulting
numerical solutions provide accurate approximations to solutions
of the governing partial differential equations. Pradhan et al. [15]
monitored the total energy of a conservative nonelectrodynamic
tether system in which the PDEs were discretized using assumed
modes. Because the system was conservative, the authors used
the fact that the total energy remained relatively constant during
simulations to verify their solutions. Frequencies of the lower-order
modes of the tether were also compared with results from previous
research as a means of verification. A similar energy-check strategy
could be applied to an EDT system by including the total system
energy as an additional state and using work-energy relations to
predict how the energy should evolve with time. Comparing this
energy time history with one calculated in postprocessing using the
remaining state time histories could serve as a means of verification,
in that the two should be in close agreement.

In this work, we use a more rigorous approach to code verification
that is more commonly used in computational fluid dynamics: the
method of manufactured solutions (MMS) [17,18]. In the MMS,
additional terms are introduced into the governing PDEs that force a
desired exact solution. Approximate solutions to this modified set
of equations, calculated on increasing levels of discretization refine-
ment, are compared with the known exact solution, and the errors
between the approximate and exact solutions should decrease toward
zero as the discretization is refined. If the errors decrease as they
should, then the discretized equations of motion have been coded
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properly and the terms introduced to manufacture the exact solution
can simply be removed. At the end of this process, one can be certain
that the code produces accurate approximations of the solution to the
original PDEs if the discretization is sufficiently fine.

The remainder of this paper is organized as follows. In Sec. II, the
EDT system model and equations of motion are presented, along
with the AMM and FEM discretization procedures for the tether
PDEs. The code verification procedure using the MMS is applied to
both discretization methods in Sec. III, and a comparison of the two
discretization methods is presented in Sec. IV.

II. System Model, Equations of Motion, and
Discretization Methods

In this section we present a brief derivation of the equations of
motion of the EDT system following the derivation presented in [13].
However, we note that in this model, the orbital motion of the system
is parameterized using a set of osculating classical orbit elements,
whereas spherical coordinates are used in [13]. We also present two
discretization methods for the PDEs governing the tether vibrations.
The first method is the assumed modes method, in which the tether
displacements are expanded in series of time-dependent generalized
coordinates and spatially dependent assumed mode functions. The
Galerkin method is used to convert the PDEs into a finite set of ODEs
for the generalized coordinates. The second discretization method is
a finite element method using cubic Hermite polynomials that
interpolate the tether displacements and slopes at points along the
tether. As with the AMM, the Galerkin method is used to convert the
governing PDEs into a set of finite ODEs for the tether displacements
and slopes.

The EDT system considered in this study is shown in Fig. 1. The
system consists of two finite rigid end bodies denoted asA andB and
a flexible tether that is free to undergo both transverse and longi-
tudinal nonlinear vibrations. Themagnetic field ismodeled as a tilted
dipole that is fixed to the central body as it rotates, meaning that the
dipole axis of the field rotates with the central body. The inertial
origin O is located at the center of the central body, and the mass
center ofA (GA) is located relative to O by the vector rA. The tether
attaches toA at pointPA, which is located relative toGA by the vector
pA. The position of the tether relative to PA is parameterized by the
unstretched arc length along the tether, �s 2 �0; L�, and the position
of an unstretched differential tether element d�s relative to PA is
r	 r� �s; t�. The tether attaches to B at point PB, which is located
relative to the mass center of B (GB) by the vector pB.

A. Equations of Motion

As shown in [13], the translational equations of motion of the end
bodies are

mA �rA 	�
mA�

krAk3
rA 
 T�0; t� (1)

mB �rB 	�
mB�

krBk3
rB � T�L; t� (2)

and the rotational equations of motion of the end bodies are

IA � _!A=N 
!A=N � IA �!A=N 	
3�

krAk5
rA � IA � rA


 pA � T�0; t� (3)

IB � _!B=N 
!B=N � IB �!B=N 	
3�

krBk5
rB � IB � rB

� pB � T�L; t� (4)

Note that we have used a first-order approximation of the gravity-
gradient torque acting on each end body.

The state of GA is parameterized by a set of osculating classical
orbit elements, e	 f a e � I ! � gT . The orbital frame of
the osculating orbit,FO, is defined such that ô3 points fromO toGA,
ô2 is in the direction of the angular momentum vector of the
osculating orbit, and ô1 completes the right-handed triad. The inertial
and orbital frames are related by a 3-1-3 rotation sequence through
the angles �, I, and !
 �, followed by a permutation to align the
axes in the proper directions. The angular velocity and acceleration
of FO relative to inertial are

! O=N 	
������
�l
p

r2A
ô2 (5)

_! O=N 	�
2�e sin �

r3A
ô2 (6)

where l	 a�1 � e2� and rA 	 l=�1
 e cos ��. The Gauss form of
the variational equations govern the evolution of e:

_a	 2a2

h

�
�e sin ��aD3 


�
l

rA

�
aD1

�
(7)

_e	 �l sin ��aD3 
 ��l
 rA� cos �
 rAe�aD1
h

(8)

_I 	 rA cos�!
 ��aD2
h

(9)

Fig. 1 Diagram of EDT system.
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_�	 rA sin�!
 ��aD2
h sin I

(10)

_!	��l cos ��aD3 
 ��l
 rA� sin ��aD1
he

� �rA sin�!
 �� cos I�aD2
h sin I

(11)

_�	 h

r2A

 �l cos ��aD3 � ��l
 rA� sin ��aD1

he
(12)

where h	
������
�l
p

. Note that the disturbance acceleration components
must be expressed relative to FO.

Define the tether-fixed frame FE relative to FO by a 2-1 rotation
sequence through the angles � and�� such that ê3 points fromPA to
PB. Note that the angles � and � are the in- and out-of-plane libration
angles of the tether relative to FO. The angular velocity of FE

relative to FO is

! E=O 	� _�ê1 
 _� cos�ê2 
 _� sin�ê3 (13)

The equations of motion of � and � are derived from the equation of
motion of B as [13]

��	 1

cos�

�
BL1
rL

 _� _� sin�

�
(14)

��	 BL2
rL

(15)

where the vector BL is defined as

BL 	�
�

krBk3
rB �

T�L; t�
mB

� �rA � �pA 
 �pB

� � _!O=N 
!O=N �!E=O� � r�L; t�

� !E=N � �!E=N � r�L; t�� � 2!E=N � r
��L; t� (16)

Let RT 	 rA 
 pA 
 r be the position of d�s relative to O. Then,
following [13], the equation of motion of the tether is

�r	� �

kRTk3
RT 


1

��

@T

@ �s

 i

��

@r

@ �s
�B � �rA � �pA (17)

Note that Eq. (17) is a PDE in terms of time and the spatial coordinate
�s. The geometric boundary conditions of Eq. (17) are

r �0; t� 	 0 (18)

r �L; t� 	 rLê3 (19)

The tension in the tether is modeled using the linear Kelvin–Voigt
law of viscoelasticity:

T 	 EA�"
 c _"��̂ (20)

where the strain and tether unit tangent vector are given by

"	
����@r@ �s

�����1 (21)

�̂	 @r=@�s

k@r=@�sk (22)

Because the magnetic field is modeled as a dipole, the magnetic
field vector at d�s is

B 	 �M
kRTk3

�
û � 3�û �RT�RT

kRTk2
�

(23)

Note that û is time-varying because the field is tilted relative to the
spin axis of the central body and fixed to the rotating central body.

The first step in the discretization of Eq. (17) is to express the
position of the tether relative to PA as

r 	 u��s; t�ê1 
 v� �s; t�ê2 
 ��s
 w��s; t��ê3 (24)

Note that when the tether is completely unstretched (u	 v	w	 0)
it lies along ê3, which defines the line connecting PA and PB. In the
following subsections, we present two different methods for
converting Eqs. (17) and (24) into a finite set of ODEs.

B. Discretization Using the Assumed Modes Method

In the AMM discretization we first expand the left-hand side of
Eq. (17) to obtain

r
�� 	 � �

kRTk3
RT 


1

��

@T

@ �s

 i

��

@r

@ �s
�B � �rA � �pA � _!E=N � r

� !E=N � �!E=N � r� � 2!E=N � r
� 	AT (25)

Combining Eqs. (24) and (25), the equations of motion for the tether
displacements are

�u	 AT1 (26)

�v	 AT2 (27)

�w	 AT3 (28)

Next, assume that the tether displacements are equal to finite sums
of products of time-dependent generalized coordinates Cij�t� and
spatially dependent assumed mode functions Nij��s�:

u��s; t� 	
XNT
j	1

C1j�t�N1j��s� (29)

v��s; t� 	
XNT
j	1

C2j�t�N2j��s� (30)

w��s; t� 	
XNL
j	1

C3j�t�N3j� �s� (31)

Note that the numbers of transverse and longitudinal assumedmodes
can be different. The only constraints on the assumedmode functions
are that they form a linearly independent complete set and that they
satisfy the geometric boundary conditions of the tether PDEs [19].
Substituting Eqs. (29) and (30) into Eqs. (26) and (27) and applying
the Galerkin method, we obtain the following set of 2NT ODEs for
the transverse generalized coordinates:

XNT
j	1

M1;ij
�C1j 	 AM1i; i	 1; . . . ; NT (32)

XNT
j	1

M2;ij
�C2j 	 AM2i; i	 1; . . . ; NT (33)

where we have defined

M1;ij 	
Z
L

0

N1i� �s�N1j��s� d�s (34)

M2;ij 	
Z
L

0

N2i� �s�N2j��s� d�s (35)
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AM1i 	
Z
L

0

AT1N1i��s� d�s (36)

AM2i 	
Z
L

0

AT2N2i��s� d�s (37)

To discretize Eq. (28), first define the dynamic boundary condition of
the tether as

�w�L; t� 	 BL3 (38)

Equation (38) is derived from the translational equation of motion of
B and defines how the longitudinal displacement at PB varies with
time [13]. Substituting Eq. (31) into Eqs. (28) and (38) and applying
the Galerkin method, we obtain the following set ofNL ODEs for the
longitudinal generalized coordinates:

XNL
j	1

M3;ij
�C3j 	 AM3i; i	 1; . . . ; NL � 1 (39)

XNL
j	1

�C3jN3j�L� 	 BL3 (40)

where we have defined

M3;ij 	
Z
L

0

N3i��s�N3j��s� d�s (41)

AM3i 	
Z
L

0

AT3N3i��s� d�s (42)

Note that Eq. (38) is used as one of the equations of motion for
the longitudinal generalized coordinates because it introduces the
dynamic boundary condition of the tether into the discretized
equations of motion.

Equations (32), (33), (39), and (40) define a set of 2NT 
 NL
ODEs for the tether generalized coordinates. These ODEs are solved
in combination with the ODEs governing the translational and
rotational motions of the end bodies and the librational motion of the
tether to obtain a numerical solution for the system motion. In this
work, the assumed mode functions are taken as

N1j��s� 	
���
2
p

sin

�
j	

L
�s

�
(43)

N2j��s� 	
���
2
p

sin

�
j	

L
�s

�
(44)

N3j��s� 	
�
�s

L

�
j

(45)

which satisfy all of the geometric boundary conditions of the tether.
Note that the transverse assumedmode functions are orthogonal, and
soM1;ij 	M2;ij 	 0 for i ≠ j.

C. Discretization Using the Finite Element Method

In the FEM discretization we begin by rewriting Eq. (17) in the
weak form [20]. Applying theGalerkinmethod toEq. (17),we obtain

Z
L

0

�rNi��s� d�s	
Z
L

0

�
� �

kRTk3
RT 


1

��

@T

@ �s

 i

��

@r

@ �s
� B

� �rA � �pA

�
Ni��s� d�s (46)

where Ni is defined over the entire length of the tether. Note the
difference between the way in which the Galerkin method is applied

here and in the AMM: in the AMM, different shape functions are
used as the weighting functions for the transverse and longitudinal
tether equations of motion, whereas the same shape function is used
here as the weighting function for the equations of motion of all
three tether displacements. Integrating the tension term by parts and
introducing the translational equations of motion of the end bodies,
Eq. (46) is rewritten as

Z
L

0

�rNi��s� d�s

mB

��
�rLNi�L� 	 ��1i �rA � �2i �pA 
 �3i �pB 
 gi 
 fi

(47)

where we have defined the quantities

�1i 	
Z
L

0

Ni��s� d�s

mB

��
Ni�L� 


mA

��
Ni�0� (48)

�2i 	
Z
L

0

Ni� �s� d�s

mB

��
Ni�L� (49)

�3i 	
mB

��
Ni�L� (50)

gi 	��
�Z

L

0

RT

kRTk3
Ni��s� d�s


mB

��

rB
krBk3

Ni�L�


mA

��

rA
krAk3

Ni�0�
�

(51)

f i 	�
1

��

Z
L

0

T
dNi��s�
d�s

d�s
 i

��

Z
L

0

@r

@ �s
� BNi��s� d�s (52)

Next, express the tether displacements as

u��s; t� 	
Xn
j	1

C1j�t�Nj��s� (53)

v��s; t� 	
Xn
j	1

C2j�t�Nj��s� (54)

w��s; t� 	
Xn
j	1

C3j�t�Nj��s� (55)

In the FEM, the tether degrees of freedom are taken as the actual
values of displacements, slopes, or curvatures at points along the
tether (nodes), and the shape functions are chosen as interpolation
functions for the tether degrees of freedom. This representation is
different from the AMM in that the degrees of freedom in the AMM
are arbitrary generalized coordinates that have no obvious physical
interpretation. Expanding the left-hand side of Eq. (47) as in Eq. (25)
and introducing Eqs. (53–55), the tether equations of motion are
written as

Xn
j	1

Mij
�C1j 	�

Xn
j	1

Mij��2!EN3 _C2j 
 2!EN2 _C3j

� �!2
EN2 
 !2

EN3�C1j 
 �!EN1!EN2 � _!EN3�C2j


 � _!EN2 
 !EN1!EN3�C3j� � � _!EN2 
 !EN1!EN3��4i
� �1i �rA1 � �2i �pA1 
 �3i �pB1 
 gi1 
 fi1 (56)
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Xn
j	1

Mij
�C2j 	�

Xn
j	1

Mij�2!EN3 _C1j � 2!EN1 _C3j


 � _!EN3 
 !EN1!EN2�C1j � �!2
EN1 
 !2

EN3�C2j


 �!EN2!EN3 � _!EN1�C3j� � �!EN2!EN3 � _!EN1��4i
� �1i �rA2 � �2i �pA2 
 �3i �pB2 
 gi2 
 fi2 (57)

Xn
j	1

Mij
�C3j 	�

Xn
j	1

Mij��2!EN2 _C1j 
 2!EN1 _C2j


 �!EN1!EN3 � _!EN2�C1j 
 � _!EN1 
 !EN2!EN3�C2j

� �!2
EN1 
 !2

EN2�C3j� 
 �!2
EN1 
 !2

EN2��4i � �1i �rA3
� �2i �pA3 
 �3i �pB3 
 gi3 
 fi3 (58)

for i	 1; . . . ; n, where !ENj, rAj, pAj, pBj, gij, and fij are the jth
components of their respective vectors expressed inFE. In Eqs. (56–
58), we have also introduced

Mij 	
Z
L

0

Ni��s�Nj� �s� d�s

mB

��
Ni�L�Nj�L� (59)

�4i 	
Z
L

0

�sNi��s� d�s

mBL

��
Ni�L� (60)

Equations (56–58) define a set of 3n ODEs for the tether degrees of
freedom. These ODEs, when solved in combination with the ODEs
governing the motion of the end bodies and the tether librations, give
a complete solution for the motion of the EDT system.

To assemble Eqs. (56–58), the tether is partitioned intoNe uniform
finite elements. We desire continuity of displacement and slope at
the element interfaces, and so two-node elements are used with
displacement and slope at the nodes as degrees of freedom. Thus,
n	 2�Ne 
 1� and there are 6�Ne 
 1� total degrees of freedom for
the discretized equations of motion. Defining the element natural
coordinate � 2 �0; 1� as

�	 �s � �s0
�sf � �s0

	 �s � �s0
‘e

(61)

the shape functions for a single element are the cubic Hermite
interpolation polynomials:

Ne1 	 1 � 3�2 
 2�3 (62)

Ne2 	 � � 2�2 
 �3 (63)

Ne3 	 3�2 � 2�3 (64)

Ne4 	��2 
 �3 (65)

Using these functions, the displacement over an element (take u, for
example) is written as

ue��; t� 	 u1�t�Ne1��� 

du1�t�
d�

Ne2��� 
 u2�t�Ne3���


 du2�t�
d�

Ne4��� (66)

where ui is the displacement at the ith node of the element. Also note
that because of the way the element shape functions are defined, Cij
denotes tether displacementswhen j is odd and slopeswhen j is even.
Substituting Eq. (66) into Eqs. (56–58) and applying principles of
finite element assemblage [20], the full equations of motion for
the tether vibrations are obtained. The boundary conditions of the
tether are applied to these equations by forcing Ci1 	 0, C1;n�1	
C2;n�1 	 0, and �C3;n�1 	 �w�L; t� for all time.

III. Code Verification

Because the equations governing the tether vibrations are PDEs
and therefore must be converted to a finite set of ODEs to obtain a
numerical solution, we would like a rigorous method of deter-
mining whether the computer codes written to solve the discretized
equations of motion produce accurate solutions. If they do, then they
also produce accurate approximate solutions to the original PDEs,
provided that the discretization is sufficiently fine. One possible
approach to addressing this problem for systems such as the EDT
system considered in this work is to include the total system energy
as an additional state and to ensure that the values predicted by
numerical integration agree with values calculated using the state
time history after numerical integration. In this paper, we use a
more rigorous method that is more commonly used in the field of
computational fluid dynamics: the MMS [17,18].

The idea of the MMS is that an exact solution to a modified set of
PDEs can be manufactured by introducing additional terms into the
equations of motion and boundary conditions of the original system.
The modified PDEs and boundary conditions are discretized and
solved numerically, and the manufactured solution is used to
determine errors for approximate solutions calculated at increasing
levels of discretization refinement. These errors should decrease
toward zero as the discretization is refined. For some discretization
methods, such as the FEM, we even know the rate at which these
errors should decrease. If the errors decrease as expected, then
the terms introduced to form the modified equations can simply be
removed from the computer codes used to generate the numerical
solution, and we know that the numerical solutions to the original
PDEs are accurate provided that the discretization is sufficiently fine.

TheMMS is applied to the EDT system bymodifying Eq. (17) and
the B equation of motion (which defines the dynamic boundary
condition of the tether):

�r	� �

kRTk3
RT 


1

��

@T

@ �s

 i

��

@r

@ �s
� B � �rA � �pA 
 fT (67)

mB �rB 	�
mB�

krBk3
rB � T�L; t� 
 fL (68)

where fT and fL are the terms introduced to create the manufactured
solution. A solution is assumed for r��s; t� and the tether libration
angles, and the values of fT and fL required to produce the assumed
solution are solved for. The modified PDEs are then discretized
according to the previous section, and numerical solutions for the
EDT system motion are obtained. As the discretization is refined
by increasing the number of assumed modes or finite elements, the
errors between the numerical and manufactured exact solutions
should decrease toward zero. In the next two subsections, we apply
the preceding procedure to the FEM and AMM.

A. Finite Element Method

Let F represent the exact solution to the modified PDEs, and
let f represent the numerical solution determined for a certain
number of finite elements. Note that F is known because we have
manufactured an exact solution to the modified PDEs. For the FEM,
the discretization error of the numerical solution is calculated using
the discrete l2-norm:

�	

���������������������������������
1

N

XN
j	1
�fj � Fj�2

vuut (69)

where the summation is over all points in space and time in the
solution domain, and a subscript j indicates a value evaluated at
the jth point in the solution domain. The discretization error can be
expressed as

�	 C�h�h
p 
 C�t�t

q 
 H:O:T (70)
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where H.O.T represents higher-order terms in �h and �t. If the
numerical solution is in the asymptotic solution range, then the
higher-order terms are negligible, and we have

�	 C�h�h
p 
 C�t�t

q (71)

Further, if we know that the error due to the temporal discretization is
insignificant relative to the spatial discretization error, then we can
simply write the discretization error as

�	 C�h�h
p (72)

The temporal discretization error will be negligible for situations in
which highly accurate time integrators are usedwith tight integration
tolerances (for example, most of the built-inMATLABODE solvers,
which use variable time steps and allow for very tight tolerances
to minimize temporal discretization error). Given two numerical
solutions with discretization errors �1 and �2, an observed order of
accuracy can be calculated using Eq. (72) as

p	 ln ��1=�2�
ln �r� (73)

where the refinement factor r	 Ne2=Ne1 provides a measure of
the relative level of refinement between the two numerical solutions.
If the FEM discretization computer code is accurately solving the
discretized equations of motion, then p determined from Eq. (73)
will converge to the theoretical order of accuracy of themethod as the
number of finite elements in increased.

The manufactured solution used for the FEM in this work is

u���s; t� 	 A1 sin�2t� sin
�
	

L

�
(74)

v���s; t� 	 A2 sin�t� sin
�
	

L

�
(75)

w���s; t� 	 A3 cos�t�
�
�s

L

�
3

(76)

��� �s; t� 	 A4 cos

� ������
�l
p

r2A
t

�
(77)

����s; t� 	 A5 cos

�
2

������
�l
p

r2A
t

�
(78)

where rA and l are instantaneous values. Note that it is not necessary
to chose a physically realistic manufactured solution. All that is
required is that the solution be smooth with smooth derivatives and
that no derivatives vanish [17]. In fact, it can be beneficial to chose an
unrealistic manufactured solution, because, as is the case with the
EDT system, much shorter simulation times can be used to capture
the important behavior of the solution. When applying the MMS to
any system, care must be taken to ensure that the initial conditions of
any simulation agreewith themanufactured solution. Thus, the initial
conditions for the tether motion are determined by setting t	 0 in
Eqs. (74–78).

The MMS terms fT and fL are calculated numerically, and the
integral terms containing gi, fi, fT , and fL are evaluated numerically
using Simpson’s rule with 101 evaluation points per finite element.
The number of points was determined to be sufficient to render the
error due to the numerical integration using Simpson’s rule negligible
relative to the discretization error. The discretized equations of
motion are numerically integrated using the built-in MATLAB
function ode15s, which is designed to integrate stiff systems of
ODEs and differential algebraic equations. The function ode15s
uses a variable-order method based upon numerical differentiation
formulas. Both the absolute and relative integration tolerances are set
to 10�12 for all simulations. These tight tolerances ensure that round-
off errors and iterative convergence errors that accumulate during

numerical integration do not have a significant impact on the
discretization error and thus on the observed order of accuracy. The
constants for the manufactured solution are taken as A1 	 50,
A2 	 25, A3 	 10, A4 	 2	=180, and A5 	 	=180, and the system
parameters used in the simulations are shown in Table 1. The
simulation time is 2	 s. This may seem like a short simulation time
for an EDT system, but the periods of the manufactured tether
displacements are all on the order of 2	 s. Thus, although the
integration time would be short for a simulation of the actual motion
of an orbiting EDT system, it is sufficient to determine discretization
errors and observed orders of accuracy for themanufactured solution
used in this study. Simulations are performed using 2–32 finite
elements with a refinement factor of r	 2.

Figures 2 and 3 show the discretization errors and observed orders
of accuracy for the tether displacements calculated from the
simulations. Numerical values are listed in Table 2. The discreti-
zation errors for each displacement decrease at roughly equal rates as
the number of finite elements is increased, indicating that they all
have the same order of accuracy. The observed orders of accuracy
confirm this observation, as the orders of accuracy converge to a
value of 4 for all three displacements. Because the FEM discreti-
zation we used employs cubic shape functions, it has a theoretical
order of accuracy of 4 [21]. Thus, the observed order of accuracy of
the numerical simulations matches the theoretical value. This means
that we can be confident that the FEM computer code is accurately
solving the discretized equations of motion and that numerical
solutions to the original set of PDEs are accurate provided that
enough finite elements are used.

B. Assumed Modes Method

A slightly different approach is used to apply the MMS to the
AMM. With the FEM, we were able to perform an element
refinement study and determine observed orders of accuracy. These
orders of accuracy converged to the theoretical value of the FEM

Table 1 EDT system parameters used in MMS simulations

System parameter Value

Unstretched length L, m 20,000
Modulus of elasticity E, N=m2 70 � 109

Unstretched diameter d, mm 1
Unstretched linear mass density ��, kg=m 0.0025
Structural damping constant c, s 0.06
Body A mass mA, kg 500
Body B mass mB, kg 50
Body A inertias IA, kg �m2 diag[300 400 200]
Body B inertias IB, kg �m2 diag[30 40 20]
Body A attachment vector pA, m [0 0 1]
Body B attachment vector pB, m [0 0 �0:1]
Current i, A 1
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discretization as the number of finite elements was increased,
thus validating the finite element discretization. With the AMM, we
take advantage of the structure of the assumed solution form for the
tether displacements to create a scenario in which the solution to the
discretized equations of motion is exactly the manufactured solution.
The numerical solution should thenmatch themanufactured solution
with a high degree of accuracy, and the agreement should improve as
the integral terms in the right-hand sides of the discretized equations
of motion are evaluated more accurately.

Recall that in the AMM, the tether displacements are assumed to
be of the form

u��s; t� 	
XNT
j	1

C1j

���
2
p

sin

�
j	

L
�s

�
(79)
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���
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�
j	

L
�s

�
(80)
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XNT
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�
�s

L

�
j

(81)

Now let the manufactured solution for the tether displacements be
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(84)

The manufactured solutions for the tether libration angles are the
same as those used with the FEM. Comparing Eqs. (79–81) with
Eqs. (82–84), we can see that for NT; NL � 3, the solution to the
discretized equations of motion should match the manufactured
solution with

C11�t� 	 C13�t� 	
A1 sin�2t����

2
p (85)

C12�t� 	 0 (86)

C21�t� 	 C22�t� 	
A2 sin�t����

2
p (87)

C23�t� 	 0 (88)

C31�t� 	 C33�t� 	 A3 cos�t� (89)

C32�t� 	 �A3 cos�t� (90)

Therewill be some error due to round-off and the fact that the integral
terms in the discretized equations of motion must be evaluated
numerically, but these errors should decrease as the integral terms are
evaluated more accurately.

The right-hand sides of the AMM discretized equations of motion
(all of the inertia, gravity, electrodynamic force, andMMS terms) are
calculated numerically using Simpson’s rule. As with the FEM, the
MATLAB function ode15s is used to numerically integrate the
discretized equations of motion with absolute and relative tolerances
of 10�12. The constants for the manufactured solution are A1 	 50,
A2 	 25, A3 	 10, A4 	 2	=180, and A5 	 	=180, and the
remaining system parameters are the same as those used in the
FEM study. Once again, the simulation time is 2	 s. Simulations
are performed for different numbers of evaluation points used to
calculate the integral terms in the right-hand sides of the discretized
equations of motion, and errors between the numerical and exact
solutions are determined.

The errors between the numerical and exact solutions are plotted
in Fig. 4. For all three displacements, the difference between the
numerically calculated coefficients and the exact solution values
decrease as the number of evaluation points is increased before
leveling off around steady values. This convergence is most likely
due to round-off errors and iterative convergence errors that arise
during numerical integration. The steady values reached by all three
displacements are on the order of 10�9, which is equivalent to an error
of approximately 10�9% between the numerical and exact solutions.
As we determined with the FEM, the computer code that implements
the AMM discretization accurately solves the discretized equations
of motion, and we can be confident that numerical solutions for the
original set of PDEs are accurate as long as enough assumed modes
are used.

IV. Comparison of Discretization Methods

The computer codes that implement the AMM and the FEM
bothworkwell for lownumbers of assumedmodes orfinite elements,
in that both produce numerical solutions in a relatively short com-
putational time. However, as the number of assumed modes used to
approximate the longitudinal vibrations increases, the computa-
tional time for the AMM increases rapidly, rendering the method
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Fig. 3 Observed order of accuracy as a function of number of finite
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Table 2 Finite element discretization refinement results

Elements Discretization error Error ratio Observed accuracy

u displacement
2 0.66076950 —— ——

4 0.07812766 8.45756182 3.08024182
8 0.00633334 12.33592802 3.62479435
16 0.00043225 14.65220335 3.87304572
32 0.00002758 15.67135128 3.97005768

v displacement
2 0.16512387 —— ——

4 0.01953099 8.45445561 3.07971186
8 0.00158330 12.33562141 3.62475849
16 0.00010808 14.64985584 3.87281456
32 0.00000690 15.65400028 3.96845947

w displacement

2 0.00612407 —— ——

4 0.00046950 13.04385461 3.70529836
8 0.00003027 15.50906066 3.95503940
16 0.00000194 15.58361089 3.96195766
32 0.00000012 15.67354582 3.97025969
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practically useless. To seewhy this happens, consider the elements of
Eqs. (40) and (41), which form the mass matrix for the longitudinal
vibrations. As NL increases, the columns of the longitudinal mass
matrix become increasingly similar, causing the mass matrix to
become nearly singular. This nearly singular behavior introduces
significant numerical errors into the calculation of the accelerations
of the longitudinal degrees of freedom, because the inverse of the
mass matrix is used in their calculations, and these errors in the
accelerations can actually cause the longitudinal vibrations to
diverge when they should not. As the time integrator attempts to
compensate for this divergent behavior, the time steps become very
small and the total integration time becomes prohibitively large. The
FEMdoes not have this same problem because the diagonal structure

of the system mass matrices ensures that their columns always
linearly independent, and so there are no problems in taking their
inverses due to ill-conditioning.

Nearly singular behavior of the system mass matrix for simple
polynomial shape functions in the AMM has been reported
previously [22], and the simplest method of eliminating the problem
is to use a different set of assumed mode functions for the
longitudinal vibrations. The best possible set would be an orthogonal
set that would make themassmatrix diagonal and trivially invertible.
Another possibility would be to use the mode shapes for the
longitudinal vibrations of a similar, but much simpler, problem as
the longitudinal assumedmode functions. Thesemode shapes would
be orthogonal or nearly orthogonal, and the resulting mass matrix
would always have well-defined inverses. Other possible sets of
longitudinal assumed mode functions exist, but their analysis and
implementation is left for future work.

Another advantage of the FEM over the AMM not specific to the
shape functions used in the AMM is that initial conditions are much
easier to set in the FEM. Because the degrees of freedom in the FEM
are simply displacements and slopes at points along the tether, any
arbitrary initial tether shape can be trivially converted to a set of initial
coordinates for numerical integration. This is not the case with the
AMM, in which determining a set of coordinates from an arbitrary
tether shape requires a process similar to calculating the coefficients
of a Fourier series. Although this is not necessarily a difficult task, it
is more involved than the process required in the FEM.

V. Conclusions

The method of manufactured solutions (MMS) provides a
rigorous and relatively simple means of verifying computer codes
written to numerically integrate the equations of motion for an
electrodynamic tether (EDT) system. The main advantage of the
MMS over other methods of code verification, such as using work-
energy relations to monitor the total system energy, is that the MMS
uses a modified set of equations of motion with a known exact
solution. Because this solution is known,whether solutions produced
by the code converge to the solution as expected as the discretization
is refined is unambiguous.

The MMS was used to verify computer codes that integrate the
EDT system equations of motion using the finite element method
(FEM) and the assumed modes method (AMM) for spatial
discretization of the tether equations. For low numbers of assumed
modes or finite elements, both the AMM and the FEM codes pro-
duce numerical solutions in relatively short computational times.
However, as the number of longitudinal assumed modes used in the
AMM increases, the mass matrix for the longitudinal degrees of
freedom becomes nearly singular, and the integration time becomes
prohibitively high. This behavior is not seen in the FEM, making the
FEM a much better choice than the AMM presented in this work for
systems requiring a high level of discretization refinement. The
FEMhas other, more general, advantages over the AMM, such as the
relative ease of setting initial conditions and the easy physical
interpretation of the degrees of freedom. For all of these reasons, the
FEM is better suited to the dynamic simulation of electrodynamic
tether systems.
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